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This work deals with traveling waves in the two-dimensional Galileon theory. We use the Hirota
procedure to calculate one-Galileon, two-Galileon, three-Galileon and breather-like Galileon solu-
tions in the theory under consideration. The results offer strong evidence that the Galileon traveling
waves are solitons, and that the Galileon theory is integrable.
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Introduction. In this work we deal with relativistic
models described by a single real scalar field in two-
dimensional space-time. The study is inspired on the
galileon field, that is, a real scalar field that engenders
Galileo invariance, such that, if φ = φ(x) is real, it is a
galileon field if its Lagrange density is symmetric under
the Galileo transformation φ→ φ+ a+ b·x, with a being
a constant scalar and b a constant vector.
The galileon field was studied in [1, 2] aimed to inves-
tigate self-accelerating solutions in the absence of ghosts,
and has been further investigated in a diversity of con-
texts, with direct phenomenological applications, as one
can see in the recent reviews [3–5]. In particular, in [6, 7]
the authors study the presence of solitons: in [6] it is
shown that the galileon field cannot give rise to static
solitonic solutions; however, in [7] the authors study the
presence of soliton-like traveling waves for the galileon
field in two-dimensional space-time.
The study [7] shows the presence of traveling wave an-
alytically, and the numerical investigation suggests that
the traveling wave behaves as solitons. This investiga-
tion has motivated us to further study the problem, and
here we give another, stronger evidence that the travel-
ing wave is a soliton. We do this working with the Hirota
procedure [8–13], and we also construct new solutions, of
the multi-soliton type.
To be specific, we focus on the model
L = ∂µφ∂
µφ+ α∂µφ∂
µφ φ, (1)
where α is a positive real parameter. We are using
 ≡ gµν∂µ∂νφ, the metric is diagonal (+,−) and the
scalar field, space and time coordinates, and the coupling
constant α are all dimensionless.
This model has the equation of motion
∂µ∂
µφ+ α
[
(φ)2 − ∂µ∂ν φ∂
µ∂ν φ
]
= 0 , (2)
and for φ = φ(x, t), we can write, explictly,
φt t − φx x + 2α
[
φ 2t x − φt t φx x
]
= 0 . (3)
We suppose that φ(x, t) is a traveling wave, in the form
φ(x, t) = φ(kx − wt). In this case, we get
φt = −
ω
k
φx ; φt t =
ω2
k2
φx x ; φt x = −
ω
k
φx x , (4)
and the equation of motion leads to
(
ω2
k2
− 1
)
φx x = 0 , (5)
such that k = ±ω. Thus, any well-behaved traveling
wave of the form φ±(x, t) = φ(x ± t) solves the equation
of motion and is a Galileon solution; see, e.g., Ref. [7].
Here we further study the Galileon theory, but we
follow an alternative route, using the Hirota bilinear
method [8], from which we obtain new solutions. We
have chosen this route because the Hirota method has
been very effective in the construction of soliton solu-
tions to several integrable models. As one knows, it is
possible to construct one- and two-soliton solutions even
for non-integrable models, but the existence of three-
soliton solution strongly suggests equivalence to integra-
bility [12, 13].
We organize the work as follows. We start briefly re-
viewing the Hirota method for the sine-Gordon equation
in the next Section, where we construct one- and two-
soliton solutions. We then study the Galileon model,
and construct one-, two- and three-Galileon solutions,
and another solution, of the breather type. We end the
work with some comments on the main results.
Hirota for sine-Gordon. Let us briefly review the ap-
plication of the Hirota bilinear method when we con-
sider the sine-Gordon equation. The sine-Gordon model
is based on the second order partial differential equation
φx x − φ t t = sin φ . (6)
In order to apply the Hirota method, we introduce f(x, t)
and g(x, t) and work with the transformation
φ(x, t) = 4 arctan
(
g
f
)
. (7)
We remark that (7) was also used to investigate the mod-
ified Korteveg-de Vries equation [10]. Now, after substi-
tuting this transformation into the sine-Gordon equation,
we obtain the pair of equations
(
D 2x −D
2
t − 1
)
(f . g) = 0 , (8)(
D 2x −D
2
t
)
(f . f − g . g) = 0 , (9)
2where D stands for the Hirota derivative, such that Dnx
is defined as
D nx (f.g) =
(
∂
∂ y
−
∂
∂ z
)n
(f(y).g(z))
∣∣
y=z=x
,
= ∂ny f(x+ y)g(x− y)
∣∣
y=0
. (10)
We note that the action of D on the product is similar to
the Leibniz rule, but with an important change of sign.
The two bilinear equations (8) and (9) control the Hirota
procedure for the sine-Gordon equation, and can be used
to find multi-soliton solutions. To see this explicitly, we
take
f = f0+ ǫ f1+ ǫ
2 f2+ ... ; g = g0+ ǫ g1+ ǫ
2 g2+ ... , (11)
and use the Eqs. (8) and (9) to find the relations, to O(ǫ)
and O(ǫ2), respectively,
(
D 2x −D
2
t − 1
)
(f1 g0 + g1 f0) = 0 ; (12)(
D 2x −D
2
t − 1
)
(f2 g0 + f1 . g1 + f0 g2) = 0 ,
and
(
D 2x −D
2
t
)
(f0 f1 − g0 g1) = 0 ; (13)(
D 2x −D
2
t
)
(2 f0 f2 + f1 f1 − 2 g0 g2 − g1 g1) = 0 .
A. One-Soliton Solution
In order to derive one-solition solution from the above
bilinear relations, we work with
f = f0 = 1 ; g = ǫ g1 ; g1 = e
θ1 , (14)
where θ1 = k1 x+ ω1 t, therefore fi = 0 for i > 0, g0 = 0
and gi = 0 for i > 1. After substituting these f and g
into the Eqs. (12) and (13), we have k 21 − ω
2
1 − 1 = 0 or
ω1 = ±
√
k 21 − 1 , (15)
and we obtain
φ(x, t) = 4 arctan
(
ek1 x+ω1 t
)
, (16)
where we have taken ǫ = 1.
B. Two-Soliton Solution
To get to the two-soliton solution, we consider
f = 1 + ǫ 2 f2 ; g = ǫ g1 ; g1 = e
θ1 + e θ2 , (17)
where f2 is in principle unknown, θi = ki x+ ωi t for i =
1, 2. Furthermore, f1 = 0, fi = 0 for i > 2, g0 = 0 and
gi = 0 for i > 1. As in the one-soliton case, we substitute
the above expressions into Eqs. (12) and (13) in oder to
obtain the dispersion relations ωi = ±
√
k 2i − 1, i = 1, 2.
Moreover, the function f2 obeys
f 2x x − f 2 t t +
[
(ω1 − ω2)
2 − (k1 − k2)
2
]
e θ1+θ2 = 0 ,
(18)
which can be solved analytically, giving
f2 = Ae
θ1+θ2 , A =
(k1 − k2)
2 − (ω1 − ω2)
2
(k1 + k2)2 − (ω1 + ω2)2
, (19)
where A is the phase factor. Consequently, by setting
ǫ = 1 the final form of the two-soliton solution is given
by
φ = 4 arctan
(
e θ1 + e θ2
1 +Ae θ1+θ2
)
, (20)
as it is known.
Hirota for Galileons. Let us now concentrate on
Galileons. Here we introduce the same transformation
used in the sine-Gordon case, that is,
φ = arctan
(
g
f
)
. (21)
We substitute (21) in the equation of motion for Galileons
to get to the equations
(
D 2x −D
2
t
)
(f . g) = 0 ; (22)
(
D 2x −D
2
t
)
(f . f − g . g) = 0 ; (23)
(
D 2x ∓ DtDx
)
(f . g) = 0 ; (24)
(
D 2x ∓ DtDx
)
(f . f − g . g) = 0 . (25)
These bilinear equations constitute the key result of the
Hirota procedure for Galileons, and can be used to find
multi-soliton solutions. Before searching for solitons,
however, we note that equations (22)-(25) remain invari-
ant under the transformations (µ and ν constants)
f → eµf ; g → eνg, (26)
f → e(µx+νt)f ; g → e(µx+νt)g, (27)
f → e(µ∂x+ν∂t)f ; g → e(µ∂x+ν∂t)g. (28)
This is an important result, indicating the existence of
a Lie algebra underlying the bilinear equations, strongly
suggesting integrability of the Galileon equation [11, 12].
Turning attention to the soliton solutions, to see how
the bilinear equations (22)-(25) work for Galileons, we
use them and the functions introduced in Eq. (11) to
find analytical solutions, as we do below.
3C. One-Galileon Solution
Here we work with
f = f0 ; g = ǫ g1 ; g1 = e
θ1 , (29)
where θ1 = k1 x + ω1 t, f0 is a constant, f1 = 0, g0 = 0
and fi = gi = 0 for i > 1. Thus, from equation (22)
we find the dispersion relation ω1 = ± k1. Moreover,
equations (23), (24) and (25) are all satisfied. Therefore,
one finds one-Galileon solutions as
φ± = arctan
(
e k1 x±k1 t
f0
)
. (30)
D. Two-Galileon solution
In analogy with the sine-Gordon model, we consider
f = f0 + ǫ
2B e θ1+θ2 ; g1 = a e
θ1 + beθ2 , (31)
where a and b and B are arbitrary constants, θi = ki x+
ωi t, f1 = 0, g0 = 0 and fi = gi = 0 for i > 2. We can
directly prove that all the bilinear operators are satisfied
by these forms of f(x, t) and g(x, t) with the dispersion
relations ωi = ± ki, i = 1, 2. Another feature is that B
is now arbitrary, leading to two-Galileon solutions of the
form
φ± = arctan
[
a eθ1 + b eθ2
f0 +B eθ1+θ2
]
, (32)
which we illustrate in Fig. 1.
We note that the one-Galileon solutions can be recov-
ered if we set eθ2 → 0 in the above two-Galileon results;
it can also be obtained in the limit where the second
wave is far away, in the limit eθ2 →∞. These behaviors
corroborates with the analysis done in Ref. [13] in the
context of soliton solutions.
An interesting case emerges from the two-Galileon so-
lutions (32) when we choose a = 1, b = −1, B = 1 and
k2 = 1/k1, leading us to
φ± = arctan

 1
f0
sinh
(
k2−1
2 k (x± t)
)
cosh
(
k2+1
2 k (x± t)
)

 , (33)
where we have changed k1 → k. Now, we define
ρ = i
1− k2
2 k
;
√
1− ρ2 =
k2 + 1
2 k
, (34)
and we consider ρ real, which allows to write the above
solutions in the form, after changing f0 → if0,
φb± = arctan

 1
f0
sin (ρ (x± t))
cosh
(√
1− ρ2 (x± t)
)

 . (35)
The procedure here is similar to the case of breather in
the sine-Gordon model, so the solutions φb± are breather-
like solutions, analogous to the breather solution of the
sine-Gordon model. In Fig. 2 we depict an example of a
breather-like Galileon.
-2
-1
0
1
2
t
-6
-3
0
3
6x
0
0.3
0.6
Φ +
FIG. 1: We depict an example of the two-Galileon solutions,
where we consider φ+(x, t) of Eq. (32), with a = 1, b = 1,
f0 = 1, B = 2, k1 = −2, k2 = −1.
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FIG. 2: In the top panel we depict φb+(x, t), where we choose
f0 = 1 and ρ = 0.993. In the bottom panel we depicted φb+
in terms of the light-cone coordinates x± = x ± t.
E. Three-Galileon solution
The next Ansatz to determine the three-Galileon solu-
tions is based on the same choice (21), but now we take
f = f0 + ǫ
2 f2 ; g = ǫ g1 + ǫ
3 g3 , (36)
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FIG. 3: An example of the three-Galileon solutions, where
we consider φ+(x, t) with a = 0.5, b = 5, c = 0.125, C = 5,
f0 = 1, A1 = −0.1, A2 = −2, A3 = −2, k1 = 0.5, k2 = 1,
k3 = −1.
where,
f2 =
(
A1 e
θ1+θ2 +A2 e
θ1+θ3 +A3 e
θ2+θ3
)
, (37)
and
g1 = a e
θ1 + b e θ2 + c e θ3 ; g3 = C e
θ1+θ2+θ3 . (38)
Here, a, b, c, Ai, i = 1, 2, 3 and C are arbitrary constants,
θi = ki x + ωi t for i = 1, 2, 3, f1 = 0, g0 = 0, f3 = 0
and fi = gi = 0 for i > 3. As in the last case, all the
bilinear equations are satisfied when we apply these forms
of f(x, t) and g(x, t), for ωi = ±k1, i = 1, 2, 3. Thus, one
finds three-Galileon solutions that can be written as
φ± = arctan
[
a eθ1 + b e θ2 + c e θ3 + C eθ1+θ2+θ3
f0+A1 e θ1+θ2+A2 e θ1+θ3+A3 e θ2+θ3
]
.
(39)
Again, it is straightforward to check that we can obtain
the two-Galileon solution when we set e θ3 → 0. Now, if
we consider e θ3 →∞ in the above expression, we obtain
φ± = arctan
[
c+ Ceθ1+θ2
A2eθ1 +A3eθ2
]
, (40)
which can be written as in Eq. (32), after changing
θ1 → −θ1 and making simple manipulations. For com-
pleteness, we illustrate the result (39) with an example
of a three-Galileon, which we depict in Fig. 3.
Ending comments. In this work we studied the pres-
ence of traveling waves in the two-dimensional Galileon
theory. The analytical study corroborates the numerical
investigations of Ref. [7]. The fact that we can explicitly
construct the bilinear equations (22)-(25), the symmetry
transformations (26)-(28), and two- and three-Galileon
solutions strongly suggests that the Galileon traveling
waves are solitons, and that the two-dimensional Galileon
theory is integrable [11, 12]. An important physical fea-
ture of the Galileon field is to provide calculations in the
absence of ghosts, so integrability seems to add nicely,
offering another route to further probe the Galileon field
value.
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